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Abstract 

A new way for finding analytical solutions of the three-dimensional 
sine-Gordon equation is presented. The method is based on the es- 
tablished relation between the solutions of the three-dimensional wave 
equation and solutions of the three-dimensional sine-Gordon equation. 
Some examples of the solutions thus obtained are show. 

The sine-Gordon equation has been used to describe with a good ap- 
proximation a number of physical phenomena [H [21 El H] . The applications 
can additionally be extended under the condition: dimension of the equation 
greater than 1. However the methods already known for solving of the one- 
dimensional sine-Gordon equation cannot be used for finding a solutions of 
the n-dimensional sine-Gordon equation {n > 1). 

First of all, we show how a solution of the wave equation 

d^F d^F d^F d^F ^ 

-W-d^'W^^^ F = F(x,y,z,t) (1) 

can be used for finding a solution of the three-dimensional sine-Gordon equa- 
tion 

d'^u d^u d^u d^u . , , , 

9^-9^-9^-^;^ + '^"" = ° « = n(x,,,.,t). (2) 



The substitution [S] 

M = 4tan^"'^cr a = a{x,y,z,t) (3) 
leads to the following nonlinear partial differential equation for cr : 

/i 2\,9'^(^ 9'^'^ 9'^'^ 9'^'^! w9a ,r, ,da.o ,da.o ,da,o. 

(i+^'XaF-feJ-a^J-i^l-^"!' -'a^' -<al> 1 = " 

(4) 

One possibility [5J for splitting equation (j4]) into two is the following: 

d'^a d'^a d'^a d'^a 
dt'^ dx"^ dy"^ dz"^ 

da ^ da ^ da 2 da ^ 2 /R^ 
Proposition Let F satisfies the wave equation ([1]) and an equation 

^dt' ^dx' ^dy' ^dz' ' 

then 

a = e^ (8) 

is a solution of the system (Q. 
Proof. Combining 

dF 2 dF ^ dF 2 dF 2 da ^ ,da ^ da ^ r'^^^sw 2 
and 

'W~~d^~~d^~~d^ ~ ^W^d^^d^~'d^^^'^~^~dt' ^^~d^' ^ ^^~dl' 

we get the proposition. 

Consequently, if F (x, y, z, t) is a solution of system ([I]),©; then the func- 
tion u {x, y, z, t) is a solution of ([2]). This are illustrated by following exam- 
ples. 

Example 1. Let 

F (x, z,t) = t sinh + (x cos a + y cos + 2; cos 7) cosh ip + C, 
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where (cos a, cos /3, cos 7) is unit vector, and ip and C are constants. Taking 
dHD into account, solution becomes 

We note that this formula denote as three-dimensional version well-know 
topological soliton of one-dimensional sine-Gordon equation[T], [2], [Sj H]. 
Example 2. Let 

F (x, z, t) = h{x ±t) + y cos a + zsin a, 

where h is an arbitrary smooth function and a is constant; then ([3]) is equiv- 
alent to 

u{x,y, z, t) = 4tan-^[e'^("±*)+^=°^"+"^'°"]. 
We assume that h = ln(/) and a = or a = vr, then 



u [X 



,y,t) =4tan-^[/(x±t)e^^] 



is a solution of the two-dimensional sine- Gordon equation (see [5]). 

Example 3. The previous example may be generalized. Suppose a func- 
tion F (x, y, z, t) has the look: 

F (x, y, z, t) = h{x cos ai + y cos /5i + z cos7i±t) +x cos 02 + 2/ cos /52 + 2; COS72, 

where (cos ai, cos/5i, COS71) and (cos 0:2, cos /32, cos 72) are mutually orthgonal 
unit vectors, and h is an arbitrary smooth function. Using ([3]) we get new 
solution 

Similarly, if h = ln(/), one obtains the solution 

u{x,y, z, t) = 4 tan~^[/(x cos en + ?/ cos /3i + z COS71 ±t)e^™'"2+^™'^^2+"=°'^2]. 

Example 4- Now suppose the function F {x, y, z, t) has the decomposition 
into the sum: 



F (x, y, z, t) = ^ Fi{x, y, z, t). 



1=1 



For example, when k = 2, 

F (x, y, z, t) = hi{x cos ai+y cos Pi+z cos7i±t) + (x cos 02+!/ cos cos 72) /v^ 
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+h2{x COS ai + ?/cos/?i + 2; cos 71 ± t) + (xcosas + ?/cos/?3 + 2;cos73)/-\/2, 

where hi,h2 are arbitrary smooth functions; (cosai, cos/?i, COS71), 
(cos 02, cos /?2, cos 72) and (cos 03, cos /^s, cos 73) are mutually orthgonal unit 
vectors. Substituting this expression into ([8]) and the result into ([3]), we get 
new solutions of the three-dimensional sine-Gordon equation. 

The relations ([T]) and (JTj) can easily be checked by a direct calculation. 
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